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Abstract

it is shown that a purely electromagnetic, divergence-free tensor S¥, can be defined for
any electrically charged body which is held in equilibrium by some cohesive force and
moving at some constant velocity. This tensor appears to represent the electromagnetic
energy-momentum of the body; the integral (1/c) f S'dej (dS;j is the differential element
of any spacelike hypersurface) is cMou® the electromagnetic four-momentum of the system
(M, is the electromagnetic rest mass of the system, U is the four-velocity). The divergence-
free property of S¥ depends only on Maxwell’s equation and the condition of uniform
motion.

It is suggested that whatever the nature of the cohesive forces within such a system
the total stress-energy tensor will, in effect, break up into two parts which are separately
divergence-free: the purely electromagnetic tensor, S¥, and a tensor representing the
energy-momentum of the cohesive forces. Just as it makes sense to speak of the electro-
magnetic mass of a system at rest without regard to the cohesive forces, it makes sense to
talk about the electromagnetic momentum of the system, when it is moving at constant
velocity, without reference to the cohesive forces.

1. Introduction

The problem of how the electromagnetic energy of a body (apart from the
non-electromagnetic energy of the body), in equilibrium, transforms in special
relativity has an extensive literature and is treated in most modern textbooks.
Nevertheless, there still appears to be some unresolved issues. The electro-
magnetic rest energy of a body, Myc? (the subscript zero refers to the rest
frame of reference), is conventionally defined as the integral over all space of
the squared magnitude of the electric field multiplied by (87)~L Usually one
demands that the electromagnetic scalar potential, ¢, vanish at infinity. The
rest mass energy can then be represented as the integral of o49o/2 over the
volume of the body; 0 is the rest frame charge density. We would expect that
when the body is examined in a reference frame (the observer’s frame) in which
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the body is viewed to be moving at a constant velocity, V (time varying veloci-
ties are not considered in this paper), the description of its electromagnetic
energy and momentum could be made in terms of a single four-vector P¥ where

PiZCMO‘Ui (1.1)

(We adopt the convention that Latin indices take the values 0 to 3 (X9 =c¢1)
and Greek indices take the value 1 to 3; repeated indices are summed over their
respective ranges.) Here p? is the four-velocity y(1, V/c) and yis (1 — V%c2)71/2,
Unfortunately it is not a simple matter to separate the electromagnetic energy-
momentum from the non-electromagnetic (cohesive) energy-momentum of a
body.

One usually defines the energy-momentum four-vector of a body, P,f, from
the total energy-momentum tensor, /%, of that body. If I¥/ vanishes properly
at infinity then Gauss’s theorem in four dimensions combined with the equa-
tions of motion of the body, I¥, j = 0 (a comma preceding ; means differentia-
tion with respect to the coordinate /) show that

1
Pi=— f 17dsj (1.2)
8

is not only conserved but independent of the spacelike hypersurface (Moller,
1952) dS; (normally the hypersurface (1, 0) d°X is chosen for mathematical
convenience; d>X is the three-dimensional volume element in the observer’s
frame of reference).

For a charged body I¥ is equal to the Maxwell stress-energy tensor plus
contributions from non-electromagnetic forces (negative pressure for example).
The contribution to / i from the non-electromagnetic forces will be denoted
by 9.

In order to define the electromagnetic energy-momentum without reference
to other forces researchers have worked with the Maxwell stress-energy tensor
alone. Abraham’s (Jackson, 1962) definition of the clectromagnetic energy-
momentum,

N
pi=— f TiOGX (1.3)

is not a four-vector and so is deemed not to be satisfactory, Rohilich (1960,
1970) has succeeded in obtaining a four-vector having the desired form of
equation (1.1) by specifying a particular hypersurface to integrate on. His
definition is

R
P’=7jT‘dej (1.4)

where
dsj =y¥(-1,V/je)d*X (1.5
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It would seem that one should also be able to obtain an energy-momentum
four-vector for the electromagnetic portion of a body without reference to a
specific hypersurface. In the first part of this paper, we will show that there
exists a purely electromagnetic tensor S¥, for any charged body in equilibrium,
which is divergence-free (S¥, j = 0). By Gauss’s theorem we can then define a
hypersurface invariant electromagnetic energy-momentum vector,

L
P =—f S4dsj (1.6)
C

which has the form of equation (1.1). §¥ will be defined in terms of the electro-
magnetic potentials of the system and thus without reference to the cohesive
forces. The divergence-free property depends only upon the field equations
and the uniform motion.

The question then arises as to how S# is related to /9. In the Appendix, it
is shown that if ¥ is the stress-energy tensor of a perfect fluid containing a
negative pressure then, using the equations of motion,

[ij = euiuj +Sij +Kij (17)

where € is the rest energy density of the fluid and K# is a divergence-free tensor
which vanishes when integrated over a spacelike hypersurface. The tensor K%
does not contribute to the energy-momentum of the system; the fluid mass

and the electromagnetic mass can thus be viewed as contributing separately to
the total energy-momentum of the system. The ¢¥ for a fluid has the form:

ti = (e + Pyuiul + PSY (1.8)

where P is the pressure. (A system where the cohesive forces are represented
by a stress energy tensor of the form of equation (1.8) corresponds to
Poincare’s fluid model of the electron (Moller, 1952, pp. 192-194). The
analysis of the Appendix demonstrates that any rest frame system with an
arbitrary spherical charge distribution—not just a rest frame sphere whose
charge is uniformly distributed on the surface—can serve as a classical electron
model if the repulsive electrostatic forces can be balanced by a negative pressure;
this is one result of equation (1.7). The interesting thing about this fluid model
for the cohesive forces is that +¥ does not vanish if € = 0 in equation (1.8).
Thus, we are left with an electron whose total four-momentum is just given by
the electromagnetic four-momentum [see equation (1.7), € > 0] since the
pressure does not contribute to the total momentum of the particle).

If one were able to write tensors t¥ for forces other than pressure, the
results would probably be the same. I would have the same form as equation
(1.7) where the total rest energy density, €', of the non-electromagnetic forces
would replace € for the fluid; K¥ would probably not contribute to the total
energy-momentum of the system. Since € uiu/ and S¥ would be separately
divergence-free, we have a rationale for speaking of the electromagnetic four-
momentum of any rigid, uniformly moving object without reference to the
cohesive forces.
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2. The Energy-Momentum Four-Vector

In this section we consider an electrically charged body, in internal static
equilibrium, moving uniformly with a velocity V. The charge on the body is
described by the charge density, 0. We will show that a divergence-free tensor,
S¥, expressed in texms of the electromagnetic potentials, (¢, A), and the current
vector, J¢, can be defined. Defining the electromagnetic energy-momentum
vector of the body by equation (1.6} we will obtain the usual form of an
energy-momentum four-vector, as expressed by equation (1.1). We now define
S#. The electromagnetic potentials for a body, every point of which is moving
at the same constant velocity, are (Panofsky & Phillips, 1962; Landau & Lifshitz,
1962)

AP =¢(1, V)= y it 2.1
where
| oX, na*x
o(X, t)~f 2 (2.2)
and
R2= [(X-X)-V/ilem‘z[(X—X)x{%l]2 (2.3)

(X denotes the spatial coordinate vector in the observer’s frame.) The current
vector is defined by the equation

Ji=0(c, V)= ocul/y 2.4
S¥ is defined as
Sl = (4C)HALTT + AiTT) 2.5)
Substituting equations (2.1) and (2.4) into (2.5) we obtain
§4 = (2y?) oguin! (2.6)

If we express both ¢ and ¢ in terms of their respective rest system values, o¢
and ¢g, S¥ takes a very suggestive form. These transformations to the rest
frame are given by

cop=coy™h,  Go=¢7! @7

and express the transformations of the zeroth four-vector components of the
vectors J¥ and A7, respectively (¢ has the form of the usual Coulomb poten-
tial). With the use of equation (2.7), (2.6) takes the form

S = (pooo/ )it (2.8)

Since the electromagnetic mass in the rest frame, My, is defined by the equa-
tion

Mo= (297 [ ogpod®Xo 29)
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0090(c?2) ! represents the electromagnetic rest mass density. Thus equation
(2.8) has the form of the energy-momentum tensor of a body of rest mass M,
moving at constant velocity.

It will now be shown that S¥ is divergence-free. Because the system is in
equilibrium, any quantity, (, associated with a material particle remains con-
stant in time. This is expressed by the equation

di .
f =Q.oV*+eQ0=(¥/e)Q, ' =0 (2.10)

Taking the divergence of equation (2.6), substituting equation (2.10) into the
resulting expression [where o and ¢ replace Q in equation (2.10)], while noting
that V is constant, it is easily seen that ¥,/ is just zero. Substituting equation
(2.8) into equation (1.6) and taking dSj = (1, 0)d3X we find that

P =(ile?) [ 0opon0d®X = Mocut (2.11)

where we have used the fact that u%d3X = yd3X = d3X,. (Note that if p’ is
denoted by M(c, V) then from equations (2.6) and (1.6), M is expressed in the
observer’s coordinates, by

M=4ic2 f opd3X (2.12)

where ¢ is given by equation (2.2).) Equation {2.11) is the usual four-vector
expression for the energy-momentum of a moving body.

3. Concluding Remarks

We have shown that for a body held in equilibrium by some unspecified
cohesive force, there exists a purely electromagnetic tensor §7 which can be
used to define the electromagnetic energy-momentum vector without reference
to a particular hypersurface if the body is moving uniformly. A relationship
between S¥ and the total energy-momentum tensor of the system was sugges-
ted. This relationship would allow the cohesive and electromagnetic constitu-
ents of the four-momentum of the system to be treated separately. Whether a
similar tensor can be utilized in studying accelerated motion or motion within
the framework of general relativity may be worthy of consideration.

Appendix A

It will be shown that the total energy-momentum tensor for a fluid system
has the form
17+ T = euipd + S + LI} (A1)
where ¥ is given by equation (1.8), ¥ by equation (2.6) and T is the Maxwell
stress-energy tensor given by
TU = (4m) W(F'sFis — §6TFPF,) (A.2)
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In equation (A.2), i is defined by

Fii EA;',; - AI‘J {A.3)
and 87 by
-1 0 0 O
" 01 0 O
5ii = (A4)
0 0 0 O
0 0 01

From equation (A.1) one can see that L” X s a symmetric tensor since all the

other terms in equatmn (A.1) are Symmetnc tensors. It is also clear from equa-
tion (A.1) that L" will not contribute to the total energy-momentum vector
if it vanishes sufﬁcnently rapidly at infinity (see equation (1.2)).

We proceed by reducing the left-hand side of equation (A.1) with the aid of
the equations of motion, and finding L%} explicitly in terms of P, ¥®and ¢,
in a particular but otherwise arbitrary frame of reference. T4 is first expressed
in terms of V® and ¢. Substituting equations (2.1) and (2.10) (Q = ¢) into
equation (A.2) while noting that V¢ is a constant, yields

8T00= (¢, )X (V2fc? + 1) +($,0)*(=3 + V*/c?) (A.5)
AnT% = VPlc[(9,00° — (6,0)°] — &,00,5/7 (A.6)
4nT% = VoVEc2[(6,0)? — (8,002] + 9,00,6/7*

+ [38%/7?1[(3,0)% — (8,0)°] (A7)

We now look at the (0, 0)-component of equation (A.1). From equation
(1.8) we find that

100 + 700 = (6 +P)“0u0 — P+ T00

P2
= euu® + =z y2P+ T90 (A.8)

The last two terms on the right-hand side of equation {(A.8) are reduced to
§00 4 1,99% by means of the equations of motion:
t’} + Tf} =0 (A.9)

By an argument similar to that which showed S¥ to be divergence-free, it can
be shown that

[(e + Ppin/],j=0 (A.10)
Using equation (A.10), equation (A.9) reduces to
(P87),j+TH=0 (A.1D)
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Using equation (2.10), the (0)-component of equation (A.11) becomes

VOL
—(P-TO+ 70| =0 (A.12)
4 [1e4
With the use of equation (A.12) it is easy to see that
Ve 14
Bf T 4—T00=——p (A.13)
¢ c
where
VOA [e4
B‘E{Xﬁ (*-P—-I-/——TOOJrTO"‘):! (A.14)
¢ ¢ @

and X* refers to the g-component of the spatial coordinates. Multiplying equation
(A.13) by (V#/cyy? and substituting the result in equation (A.8) we find that

o 8
190 4 700 = E,Lto,uo + 72 (TOO — K_ TOa) + V_BB,Y2 (A.lS)
c c

We now reduce the second term on the right-hand side of equation (A.15).
From equations (A.5) and (A.6) it is seen that

Voz
7 ( 70— — Tm) = C(¢/87(9 00~ 6,00)) (A.16)

where

C= o [6.)6,0 + (3,09V el (A17)

The second term on the right-hand side of (A.16) can be shown to be $90 by
noting that our potentials satisfy Maxwell’s equations in the Lorentz gauge.
The Lorentz condition is expressed by the equation

Substituting equation (2.1) into equation (A.18) while taking account of
equation (2.10) we find that

Aij=="==0 (A.19)

This simply means that the scalar potential associated with a material particle
does not vary with time. With equation (A.18) substituted in Maxwell’s equa-
tions, we find that ¢ satisfies the equation

b,0a — P00 = —470 (A.20)
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Substituting equation (A.20) into equation {A.16) and the result into equation
(A.15) we obtain the (0, 0) component of equation (A.1) where
Ve
L0% = C+ B8 (A.21)
c

and C and BP are given by equations (A.17) and (A.14), respectively.

The (0, &) and (e, §}components of equation (A.1) can be handled in much
the same way as the (0, 0)-component. By means of the spatial part of the
equation of motion (see equation (A.11)) we find that

A
100+ 700 = 0y + 42 (T(XO _r Tez?\) +2 ..V_Doc?\ (A.22)
c

c
and
6 B A
1B 7ol = E[.I."‘[.LB+’}'2 _V.Z.L Te0 _L..V__ TN
¢? ¢ c ¢
v8 2
4 T0 4 pob 4 Ty By Apah {A.23)
c c
where
V?\
pof =] X8| pgah + por _ — 700 (A.24)
[ A

By means of equations (A.6)-(A.7) it can be shown that

V?\ Vo
72 (Ta0~——T°‘A)=SGG‘+—-C (A.ZS)
c &
and
8 B YA 8 81
72 EV_T&O_V_V_TOL}\. +_V_TaO:SO<B+ VeV C (A‘26)
c? ¢ c ¢ c c?

where Cis defined by equation (A.17). We therefore see, by substituting equa-
tion (A.25) into equation (A.22) and equation (A.26) into equation (A.23),
that

A Ve
Lo =2 EpaaiZe (A.27)
i [ c
and

yeye
2

2
L"f)\:l)a}\'i'%‘ VBV ADAA + C (A.28)
; ¢

c
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where D% is defined by equation (A.24). If the spatial dependence of L‘f A
examined it is seen that for large distances from the origin, R, L 73‘ goes approx1-
mately as 1/R3; L7* does not, therefore, contribute to the energy -momentum
vector of the system. It can also be shown explicitly that L is divergence-free.
The L”}\}‘ found in this appendix are just the K¥ of equation (1 7), for a fluid
system, in the observer’s system of coordinates.
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